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Abstract
We consider the problem of the existence of covering sets of spreads in PG(3,q). This is
connected with the problem of extending the linear space of points and lines in the projective
3-space PG(3,q) to a projective plane of order q(q+1). The concept of an ‘-local covering set is
introduced and a particular type, which is called special, is de2ned. We show, using a computer
search, that there is no covering set in PG(3,4) which involves a special local covering set.
c© 2001 Elsevier Science B.V. All rights reserved.
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1. Covering sets and projective planes
A spread of PG(3,q) is a set of q2+1 lines which partition the points and a covering
set of spreads in PG(3,q) is a set of spreads with the property that any given pair of
skew lines is contained in a unique spread in the set. Since there are (q2+1)(q2+q+1)
lines in PG(3,q) and each line is skew to q4 lines (see, for example, [5]), there are
necessarily q2(q2 + q+ 1) spreads in a covering set.
It was conjectured by Bruck [1,2] that the linear space of points and lines of PG(3,q)
might be extended to a projective plane of order q(q+ 1) for some value of q. If this
is possible, then the projective plane must arise by the following construction.
Suppose that a covering set of spreads exists and de2ne an incidence structure as
follows: The points of the incidence structure are either points of PG(3,q) or spreads
in the covering set. The lines of the incidence structure are in 1:1 correspondence with
the lines of PG(3,q). Given a line ‘ of PG(3,q), the points of the corresponding line
in the incidence structure are the points on ‘ in PG(3,q) together with the spreads in
the covering set which contain ‘. In this incidence structure, any two distinct lines
intersect in a unique point. To see this, let ‘ and m denote two lines of the incidence
structure, as well as two lines of PG(3,q). Then, if ‘ and m meet in PG(3,q), the point
of intersection in PG(3,q) is the unique point of intersection in the incidence structure,
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while if ‘ and m are skew in PG(3,q), the unique point of intersection in the incidence
structure is the unique spread of the covering set containing them. If ‘ is any line of
PG(3,q), then ‘ is contained in q2 lines of the covering set (since there are q4 lines of
PG(3,q) skew to ‘), and hence any line of the incidence structure contains q2 + q+ 1
points. Thus, the existence of a covering set ensures that we can add new points to
the linear space PG(3,q) and then extend the lines of PG(3,q) to obtain an incidence
structure, with all lines containing q(q + 1) + 1 points and in which any two distinct
lines meet in a unique point. In other words, we have a start to a projective plane of
order q(q + 1), in which we have (q2 + 1)(q2 + q + 1) lines. We still need to add a
further q3 lines to complete the projective plane and, for this to be possible, we require
a further property of the covering set.
A parallelism (also called a packing) of PG(3,q) is a partition of the lines into
spreads. Suppose that there exist q3 parallelisms of PG(3,q), with all spreads involved
being in the covering set and with the property that any two disjoint spreads of the
covering set are contained in a unique one of these parallelisms. Then, these paral-
lelisms give extra lines in the incidence structure, each line containing q2+q+1 points.
The new incidence structure is a projective plane of order q(q+ 1).
This construction is not possible for q=2 since the resulting projective plane would
have order 6 and such a plane does not exist, by the Bruck–Ryser theorem. Other
values of q can be ruled out in this manner. The case q = 3 has been dealt with by
Hall and Roth [4] and the author [8], showing that the construction of a projective plane
of order 12 is not possible by this method. The case q=4 is open. If the construction
is possible, it would give a projective plane of order 20.
The problem of the existence of covering sets is interesting in its own right. Even
in the cases where the projective plane is not possible by the Bruck–Ryser theorem,
such as q = 2, a covering set might exist. The author [8,9] has shown that there are
no covering sets in PG(3,2), nor in PG(3,3). If a covering set of spreads exists in
PG(3,q), then there is an associated partial geometry pg(q2; q2 − 1; q2 − q), whose
points are the lines of PG(3,q) and whose lines are the spreads in the covering set.
The point graph of this partial geometry is the strongly regular graph whose vertices
are the lines of PG(3,q) and whose edges join all skew line pairs. Conversely, if this
graph is geometric, then the lines of the associated partial geometry correspond to
spreads which form a covering set. Thus, the existence of a covering set is equivalent
to this known strongly regular graph being geometric. This gives an alternative way
to rule out the existence of covering sets in the cases q= 2; 3 since the corresponding
partial geometries pg(4,3,2) and pg(9,8,6) are known not to exist. The non-existence
of a pg(9,8,6) was shown by Mathon [7]. The problem of the existence of a covering
set in PG(3,q), for q¿4, is open.
An ‘-local covering set is a set of spreads in PG(3,q), each containing ‘, with the
property that any line skew to ‘ is involved in a unique spread of the set. Since there
are q4 lines skew to ‘, there must be q2 spreads in any ‘-local covering set. Given
a covering set of spreads, the spreads in this set containing any given line ‘ form an
‘-local covering set.
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Two distinct spreads are said to be compatible if they have at most one line in
common. An ‘-local covering set and an m-local covering set are said to be orthogonal
if any two distinct spreads, one from each local covering set, are compatible. The local
covering sets involved in any covering set are orthogonal.
In the next section, we de2ne what is meant by a special local covering set. Any
two special local covering sets are projectively equivalent. The main purpose of this
paper is to show that there is no covering set of spreads in PG(3,4) involving a special
local covering set. We use a computer search to determine all the local covering sets
orthogonal to a given special local covering set. Then, it is shown that none of these
orthogonal pairs extends to a covering set, which establishes the main result.
2. The special ‘-local covering set
We use the Klein correspondence between the lines of PG(3,q) and the points on
the Klein quadric in PG(5,q). For the properties of this correspondence, the reader is
referred to Hirschfeld [5].
Let S be a regular spread involving a line ‘. Let P be the point on the Klein
quadric corresponding to the line ‘ and let L be the exterior line to the Klein quadric,
which determines the regular spread S, via its polar 3-space, which intersects the Klein
quadric in the points of an elliptic quadric E3. Then, P and L determine a plane  in
PG(5,q). This plane meets the Klein quadric in a single point, namely P. There are q2
lines in , which are not incident with P. These lines are exterior to the Klein quadric
and so each corresponds to a regular spread. Since P is in the polar 3-space of each of
these exterior lines (P ∈ ⊥), the q2 regular spreads determined all involve the line ‘.
The polar 3-spaces of these exterior lines pairwise intersect in {P}. Hence, apart from
‘, the lines in the q2 regular spreads are all distinct and so must consist of all the lines
disjoint to ‘. Thus, these regular spreads form an ‘-local covering set. We call this
the special ‘-local covering set determined by S. Note that it is uniquely determined
by ‘ and S. A given special ‘-local covering set is determined by any of the regular
spreads involved in it, since the plane  is determined by P and any other line of 
not incident with P.
The stabiliser of both P and L in the collineation group P	L(6; q) of PG(5,q) 2xes
the plane  and permutes the lines in  not incident with P, other than L, transi-
tively. Translating back to PG(3,q), the stabiliser of ‘ and S in the collineation group
P	L(4; q) of PG(3,q) permutes the remaining regular spreads in the special ‘-square
determined by S transitively. Thus, in the action of G‘ ∩ GS on the regular spreads
containing ‘ there is an orbit of length q2 − 1, which together with S itself, form the
special ‘-square determined by S.
The collineation group P	L(4; q) of PG(3,q) acts transitively on the pairs (‘; S),
where S is a regular spread and ‘ a line of S. Hence, any two special squares are
projectively equivalent.
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3. The case PG(3,4)
The problem of determining whether or not there is a covering set in PG(3,4), by
computing, is substantially harder than the corresponding one in PG(3,3) or PG(3,2). In
this paper, we make a start on the problem by considering whether there is a covering
set involving a special square. The linear space PG(3,4) has 85 points and 357 lines.
The model we use is based on the 2nite 2eld GF(28) generated by the primitive element
 satisfying  8 =  4 +  3 +  2 +1. The points are represented by 1; ;  2; : : : ;  84. The
lines are the images of the following sets under the Singer cycle x → x+1 (mod 85):
{0; 1; 25; 41; 72}, {0; 2; 50; 59; 82}, {0; 4; 15; 33; 79}, {0; 8; 30; 66; 73}, {0; 17; 34; 51; 68},
where we denote the point represented by  i simply by i. We label the lines in these
cycles L1; : : : ; L85; L86; : : : ; L170; L171; : : : ; L255; L256; : : : ; L340; L341; : : : ; L357. The cycles
of lines under the Singer cycle each have length 85, except for the last which has
length 17. The lines in the cycle of length 17 form a regular spread, which we take
as the ‘standard’ regular spread S of the general theory. For simplicity, when listing
lines we shall write i for Li so that, for example, line 341 means L341.
A covering set of spreads must contain 336 spreads. The construction of a covering
set would be a substantial step towards constructing a projective plane of order 20, as
indicated in Section 1. The spreads in the covering set give the extra points for the
projective plane, yielding 85+336=421 points in total. Extending the lines of PG(3,4),
using the local covering sets involved in the covering set, gives 357 lines of size 21,
any two of which intersect in a unique point. It would still remain to construct 64 new
lines consisting of 21 ‘spread’ points, the corresponding spreads forming a parallelism
of PG(3,4).
There are three types of spread in PG(3,4): regular spreads, subregular spreads of
index 1 and regulus-free spreads. These correspond to the three translation planes of
order 16 with kernel GF(4). The translation planes of order 16 have been classi2ed
by DempwolM and Reifart [3]. The number of spreads of each type, together with a
comparison of the situation in PG(3,2) and PG(3,3), is given in the following table.
q= 4 q= 3 q= 2
Regular 24192 2106 56
Subregular 1645056 6318 0
Regulus-free 3427200 0 0
The collineation group G=P	L(4; 4) of PG(3,4) has order 213 ·34 ·52 ·7 ·17. If S is
any regular spread, the stabiliser GS has order 81; 600= 13 |	L(2; 16)| (see, for example,
[6, Section 48]). A computer search shows that there are 5355 regular spreads which
have precisely one line in common with S and that the orbits under GS have lengths
255, 5100. If ‘ is a line of S, then 15 of the spreads in the 255-orbit contain ‘. These
spreads, together with S itself, form the special ‘-local covering set determined by S.
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With the lines numbered as above, the special 341-local covering set determined by
S = {341; 342; : : : ; 357} is
341 342 343 344 345 346 347 348 349 350 351 352 353 354 355 356 357
341 2 7 22 57 72 77 125 150 186 191 221 226 246 251 293 308
341 3 8 13 83 131 141 151 161 182 202 227 247 284 289 329 334
341 4 9 19 24 39 74 142 167 178 183 203 208 238 243 310 325
341 5 40 55 60 70 75 108 133 174 204 209 229 234 254 276 291
341 6 21 26 36 41 56 99 159 175 195 200 220 225 255 257 327
341 12 67 105 115 130 145 160 170 181 231 263 288 298 303 313 338
341 15 20 25 30 93 148 158 168 179 199 219 244 261 266 301 306
341 16 46 94 109 119 139 149 164 180 215 262 287 297 322 332 337
341 23 38 43 53 58 73 91 116 187 192 212 217 237 242 259 274
341 29 84 92 102 122 132 147 162 198 248 270 280 305 315 320 330
341 32 37 42 47 90 100 110 165 176 196 216 236 278 283 318 323
341 33 63 96 111 126 136 156 166 197 232 264 269 279 304 314 339
341 49 54 59 64 97 107 117 127 193 213 233 253 295 300 335 340
341 50 80 88 98 113 128 143 153 214 249 271 281 286 296 321 331
341 66 71 76 81 114 124 134 144 185 210 230 250 267 272 312 317
A computer programme was written to generate all the spreads, containing the line
342, compatible with all the regular spreads of this special square. It turns out that there
are 1140 such spreads. A search was made for all 342-local covering sets containing
the regular spread S and a further 15 spreads from amongst these 1140. This took
several days on a Sun Ultra 5 computer. Remarkably, there are only 120 such local
covering sets. They are all of type (1,10,5), that is involving one regular, 10 subregular
and 5 regulus-free spreads. One of them is
341 342 343 344 345 346 347 348 349 350 351 352 353 354 355 356 357
342 3 5 7 98 99 109 142 154 169 193 205 217 231 267 292 307
342 4 10 59 77 85 106 151 179 198 220 228 263 281 294 304 322
342 6 14 16 81 110 131 146 162 199 204 226 235 265 279 319 340
342 8 26 34 38 44 100 140 177 213 232 254 271 297 315 328 338
342 9 17 21 27 76 123 168 196 215 237 245 280 298 311 321 339
342 13 23 31 33 94 127 148 163 216 221 243 252 272 282 296 336
342 20 22 24 86 101 115 116 126 159 210 222 234 248 284 309 324
342 25 43 51 55 61 117 157 186 194 230 249 260 270 288 314 332
342 30 40 48 50 95 111 144 165 175 184 233 238 268 289 299 313
342 37 39 41 91 103 118 132 133 143 180 227 239 251 256 301 326
342 42 60 68 72 78 89 134 181 203 211 247 264 277 287 305 331
342 47 57 65 67 97 112 128 161 192 201 250 255 285 306 316 330
342 54 56 58 108 120 135 149 150 160 171 183 197 244 258 273 318
342 64 74 82 84 93 114 129 145 182 187 209 218 262 302 323 333
342 71 73 75 92 125 137 152 166 167 176 188 200 214 275 290 335
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Applying the Frobenius map x → x2 to the 120 342-local covering sets yields the
corresponding 120 343-local covering sets, which are orthogonal to the special 341-local
covering set. However, none of the 343-local covering sets is orthogonal to any of the
342-local covering sets. This proves the following theorem.
Theorem 3.1. There does not exist a covering set of spreads in PG(3; 4) which
involves a special local covering set.
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